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Abstract
In this paper we answer positively a question of whether it is possible for a circle
diffeomorphism with breaks to be smoothly conjugate to a rigid rotation in the case
when its breaks are lying on pairwise distinct trajectories. An example constructed
is a piecewise linear circle homeomorphism that has four break points lying on dis-
tinct trajectories, and whose invariant measure is absolutely continuous w. r. t. the
Lebesgue measure. The irrational rotation number for our example can be chosen a
Roth number, but not of bounded type.
1 Introduction
Any orientation-preserving homeomorphism T of the unit circle T1 = R/Z with an irrational
rotation number ρ = ρ(T ) is uniquely ergodic [1], i. e. it possesses a unique invariant
probability measure µ = µ(T ). If T is piecewise C1, and the total variation of log T ′
is finite, then by the renown Denjoy’s theorem it is topologically conjugate to the rigid
(linear) rotation Rρ : ξ 7→ ξ + ρ, i. e. there exists a homeomorphism φ (which is unique up
to an additive constant) of T1 such that
φ ◦ T ◦ φ−1 = Rρ. (1)
The invariant measure µ and the conjugacy (i. e., the linearizing change of variables) φ are
related by the equality φ(ξ1)− φ(ξ0) =
∫ ξ1
ξ0
dµ(ξ) for any arc [ξ0, ξ1] ⊂ T
1. The question of
how smooth this conjugacy φ is, depending on smoothness of T , has been studied extensively
since 1960’s.
The case when T is a diffeomorphism, is covered by Herman’s theory and its later
developments [2, 3, 4].
Quite different is the case when T is a diffeomorphism with breaks, i. e. it is piecewise
C1, but not C1 (and we still assume that the total variation of log T ′ is finite). Let us call
the ‘size of the break’ the ratio of derivatives at the break point from the left and from
the right. Since the first paper [5], in which it was shown that the invariant measure of a
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circle diffeomorphism with a single break of non-unit size is singular (with respect to the
Lebesgue measure ℓ), there appeared a number of publications proving the singularity of the
invariant measure in different cases. Recently, two groups of scientists have independently
proved [6, 8] the following most general result: if the product of sizes of all breaks is
non-unit, then the invariant measure is singular.
The case of unit product of sizes of breaks appeared to be difficult to investigate. Let us
notice at this point that several breaks lying on the same trajectory are in a sense equivalent
to one single break of a size that is the product of their sizes, therefore without lost of
generality one may consider only diffeomorphisms with breaks that lie on pairwise distinct
trajectories. It is shown in [2] (although not formulated as a statement) that a piecewise
linear diffeomorphism with two breaks (the product of their sizes is unit automatically) has
singular invariant measure unless the break points lie on the same trajectory. In [7, 8], it
was proved that for a diffeomorphism with multiple breaks lying on distinct trajectories,
the invariant measure is singular provided that rotation number is of bounded type (i. e.,
its continued fraction expansion is a bounded sequence). Generally, there was a colloquial
belief among specialists on the subject that the invariant measure is singular w. r. t. ℓ if
at least for one trajectory the product of sizes of all breaks it contains is non-unit.
In this paper, we disprove that hypothesis presenting an example of piecewise linear
homeomorphism of the unit circle that has four breaks lying on distinct trajectories, but
nevertheless is absolutely continuously linearizable. Its rotation number can be chosen a
Roth number (those are the numbers Diophantine with any positive Diophantine exponent),
but not of bounded type. The linearizing conjugacy is essentially absolutely continuous in
the sense that it is not piecewise C1, possessing an everywhere dense set of points where it
is not differentiable.
The example we construct is also interesting in a framework of rigidity theory for circle
diffeomorphisms with breaks [9], which asks a more general question of whether given two
such maps are smoothly conjugate. It was proved in [10] that in the case of break equivalence
of the two maps (a property assuming that a conjugacy sends each break point of the first
map to a break point of the second one with the same size of break), unit product of sizes
of breaks and bounded combinatorics (this notion generalizes bounded type of rotation
number), that conjugacy is C1. On the other hand, very recently it was shown [11, 12]
that if two circle diffeomorphisms with breaks with the same irrational rotation number
have different products of sizes of breaks, then every conjugacy between them is a singular
function. Our example suggests that in the case of the equal products, the condition of
generalized break equivalence (i. e., a break equivalence adjusted by a piecewise smooth
change of coordinates) is not necessary for absolute continuity of the conjugacy.
In Section 2, we define our example for given sizes of breaks and rotation number and
formulate the theorem about absolute continuity of its invariant measure w. r. t. ℓ. In
Section 3, we prove that theorem and make some additional comments.
The author is grateful to A. Dzhalilov for useful discussions.
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2 Construction
Let us fix an arbitrary number a > 1 and take an arbitrary increasing sequence of positive
integers k1, k2, . . . , kn, . . . , where we assume k1 ≥ 2a, k1 ≥ 5, and
∑+∞
n=1 k
−1
n < +∞. The
irrational number given by the continued fraction
ρ = [k1, k2, . . . , kn, . . .] = 1/(k1 + 1/(k2 + 1/(. . . /(kn + . . . )))),
which is defined as a limit of the sequence of rational convergents pn/qn = [k1, k2, . . . , kn] =
1/(k1 + 1/(k2 + 1/(. . . /kn))), will be the rotation number of our circle homeomorphism. It
is known that the mutually prime positive integers pn and qn satisfy the recurrent relation
pn = knpn−1 + pn−2, qn = knqn−1 + qn−2, n ≥ 1,
where it is convenient to define p0 = 0, q0 = 1 and p−1 = 1, q−1 = 0. Accordingly, the
decreasing sequence of quantities ∆n = |qnρ− pn| = (−1)
n(qnρ− pn) satisfies the relation
∆n = kn+2∆n+1 +∆n+2, n ≥ −1.
Let us also fix an arbitrary number a > 1.
Lemma 1. There exists a sequence of positive numbers dn, n ≥ −1, with d−1 = 1, which
satisfy the following relations:
d2n = k2n+2d2n+1 + d2n+2, d2n−1 = k2n+1d2n + d2n+1 + (a− 1)δ2n, (2)
where
δ2n = d2n+2 + aδ2n+4 =
+∞∑
s=0
asd2n+4s+2 < +∞; (3)
and a number α > 1 such that the following inequality holds:
0 ≤ log
αdn
∆n
<
2(a− 1)
kn+2
. (4)
Proof. Let us put d
(0)
n = ∆n, n ≥ −1, and define recurrently d
(r+1)
n = kn+2d
(r)
n+1 + d
(r)
n+2 +
(a− 1)δ
(r)
n for n ≥ −1, r ≥ 0, with δ
(r)
n =
∑+∞
s=0 a
sd
(r)
n+4s+2 for n even, δ
(r)
n = 0 for n odd. It
is obvious that d
(r)
n and δ
(r)
n are non-decreasing w.r.t. r for any fixed n.
At the moment we cannot state that all defined quantities are finite, but it will be
proven shortly. Since we have ∆n = kn+2∆n+1+∆n+2 = (kn+2kn+3+1)∆n+2+ kn+2∆n+3 >
kn+2kn+3∆n+2, n ≥ −1, it follows that
∆n+4s+2
∆n
< 1
kn+2...kn+4s+3
, s ≥ 0, and
δ
(0)
n
∆n
<
+∞∑
s=0
as
kn+2 . . . kn+3+4s
<
2
kn+2kn+3
(5)
(here we used the assumed lower bound 2a for all kn).
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It is easy to see from the definition that (as soon as d
(r)
n < +∞ for all n ≥ −1)
d
(r+1)
n
d
(r)
n
≤ sup
s≥n+1
d
(r)
s
d
(r−1)
s
≤ · · · ≤ sup
s≥n+r
d
(1)
s
d
(0)
s
.
Since d
(1)
s = ∆s + (a − 1)δ
(0)
s , d
(0)
s = ∆s, and (kn)n is strictly increasing, the two latter
displayed inequalities give us an estimate
d
(r+1)
n
d
(r)
n
< 1 +
2(a− 1)
kn+r+2kn+r+3
.
It follows that
log
d
(r+1)
n
∆n
=
r∑
s=0
log
d
(s+1)
n
d
(s)
n
<
r∑
s=0
2(a− 1)
kn+s+2kn+s+3
< 2
r∑
s=0
(
a− 1
kn+s+2
−
a− 1
kn+s+3
)
<
2(a− 1)
kn+2
.
In particular, all d
(r)
n and δ
(r)
n are finite. Moreover, the whole set {d
(r)
n }n,r is bounded.
Therefore there exist finite limits d∗n = limr→+∞ d
(r)
n , δ∗n = limr→+∞ δ
(r)
n , n ≥ −1, that
satisfy
d∗n = kn+2d
∗
n+1 + d
∗
n+2 + (a− 1)δ
∗
n, δ
∗
2n =
+∞∑
s=0
asd∗2n+4s+2.
By scaling them all down by putting dn = d
∗
n/d
∗
−1, n ≥ −1, we obtain the sequence that
satisfies the conditions of the lemma with α = d∗−1.
We assume δn = 0 for n odd.
Notice that (2) and (3) imply the inequalities:
dn+2
dn
<
1
kn+2kn+3
,
δ2n
d2n
<
2
k2n+2k2n+3
(6)
Now let us produce our main example of a piecewise linear circle homeomorphism T
through its lift function f0 : R→ R, f0(x+ 1) ≡ f0(x) + 1, given by
f0(x) =


ax+ d0, 0 ≤ x ≤ δ0;
x+ d0 + (a− 1)δ0, δ0 ≤ x ≤ d0 + aδ2;
a−1x+ (2− a−1)d0 + (a− 1)δ0 + (a− 1)δ2, d0 + aδ2 ≤ x ≤ d0 + aδ0 + aδ2;
x+ d0, d0 + aδ0 + aδ2 ≤ x ≤ 1.
(It easily follows from (6) that d0+aδ0+aδ2 < 1.) As one can see, f0(1) = 1+d0 = f0(0)+1
indeed, and thus defined T has four breaks: two of size a and two of size a−1. In the next
section we will show that the rotation number of T is ρ, its break points lie on four distinct
trajectories, and the invariant measure of T is absolutely continuous w. r. t. the Lebesgue
measure ℓ.
Theorem 1. The circle diffeomorphism with breaks T defined above has rotation number
ρ, its four break points lie on pairwise distinct trajectories, and its invariant measure µ is
absolutely continuous w. r. t. the Lebesgue measure ℓ.
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In what follows, we will represent a continuous piecewise linear function defined on a
segment by indicating the values of its derivative over those subsegments where it differs
from 1, rather than expressions for the function itself, as it makes formulas much more
intuitive. (Such information together with a value at a single point lets one restore the
whole function.) For example:
f ′0(x) =


a, x ∈ (0, δ0);
a−1, x ∈ (d0 + aδ2, d0 + aδ0 + aδ2);
1 elsewhere on [0,1],
and this information together with the value f0(0) = d0 determines f0 on [0, 1].
3 Proof Of The Claim
3.1 Renormalization Basics
For analyzing metrical properties of the dynamical system induced on T1 by the homeo-
morphism T we will apply the renormalization approach, described in detail, for ex., in [9]
as follows.
Given a circle homeomorphism T with irrational rotation number ρ, one may ‘mark’
a point ξ0 ∈ T
1, consider its trajectory ξi = ξi(ξ0) = T
iξ0 ∈ T
1, i ∈ Z, and pick out of
it the sequence of the ‘dynamical convergents’ {ξqn}n indexed by the denominators of the
consecutive rational convergents to ρ. The dynamical convergents approach the marked
point ξ0, alternating their order in the following way:
ξq
−1 < ξq1 < ξq3 < · · · < ξq2m+1 < · · · < ξ0 < · · · < ξq2m < · · · < ξq2 < ξq0
(the point ξq
−1 on the circle coincides with ξ0; here it may be seen as ξq−1 = ξ0−1). Define the
nth ‘fundamental segment’ ∆
(n)
0 = ∆
(n)
0 (ξ0) as the circle arc [ξ0, ξqn] if n is even and [ξqn, ξ0]
if n is odd. The iterates T qn and T qn−1 restricted to ∆
(n−1)
0 and ∆
(n)
0 respectively are two
continuous components of the first-return map for T on the segment ∆
(n−1)
0 = ∆
(n−1)
0 ∪∆
(n)
0 .
The consecutive images of ∆
(n−1)
0 and ∆
(n)
0 until the return to ∆
(n−1)
0 cover the whole circle
without overlapping beyond their endpoints, thus forming the nth ‘dynamical partition’
Pn(ξ0) = {∆
(n−1)
i , 0 ≤ i < qn} ∪ {∆
(n)
i , 0 ≤ i < qn−1} of T
1, where ∆
(n)
i = ∆
(n)
i (ξ0) stands
for T i∆
(n)
0 .
For given n ≥ 0, one may consider the pair of functions (fn,ξ0, gn,ξ0) called sometimes
the n-th ‘pre-renormalization’ of T , which are the mappings T qn and T qn−1 restricted to
∆
(n−1)
0 and ∆
(n)
0 respectively, in the coordinate system with the origin at ξ0:
fn,ξ0 = πξ0 ◦ T
qn ◦ π−1ξ0 , gn,ξ0 = πξ0 ◦ T
qn−1 ◦ π−1ξ0 ,
where πξ0 is a linear mapping in a neighbourhood of ξ0 that sends ξ0 to 0 and changes
neither length no orientation. We will omit the index ξ0, when it is clear which point
is marked. Both fn and gn are strictly increasing continuous functions defined on the
segments [−ℓ(∆
(n−1)
0 ), 0] and [0, ℓ(∆
(n)
0 )] for n even and on [0, ℓ(∆
(n−1)
0 )] and [−ℓ(∆
(n)
0 ), 0] for
n odd respectively. Since fn(0) = (−1)
nℓ(∆
(n)
0 ), gn(0) = (−1)
n−1ℓ(∆
(n−1)
0 ) and fn(gn(0)) =
5
gn(fn(0)), the functions fn and gn are said to form a ‘commuting pair’. (Notice that our
pairs (fn, gn) differ from those in [9] by having not been rescaled.)
This definition is slightly ambiguous for n = 0, in which case we define f0 on the
segment [−1, 0] representing the unit circle T1 cut by the marked point ξ0 (one can write
∆
(−1)
0 = [ξ0 − 1, ξ0]), so that f0 is a lift of T onto R, shifted to the marked point, while
g0 = Id− 1 defined on [0, f0(0)].
Notice that gn+1 is fn restricted to a smaller segment, while fn+1 = f
kn+1
n ◦ gn, and
the ‘renormalization height’ kn+1 is the largest integer k such that f
k
n(gn(0)) has the same
sign as gn(0) (it is also a partial quotient in the continued fraction ρ = [k1, k2, . . . , kn, . . . ]),
n ≥ 0.
In this paper, we shall also consider the ‘backward dynamical partition segments’ ∇
(n)
i =
T−i∇
(n)
0 , where ∇
(n)
0 = ∇
(n)
0 (ξ0) is the circle arc [ξ0, ξ−qn] if n is odd and [ξ−qn, ξ0] if n is
even, and define the ‘backward pre-renormalization’ as the pair of functions
fˇn = πξ0 ◦ T
−qn ◦ π−1ξ0 , gˇn = πξ0 ◦ T
−qn−1 ◦ π−1ξ0
restricted to ∇
(n−1)
0 and ∇
(n)
0 respectively. These functions have properties similar to fn
and gn, in particular fˇn+1 = fˇ
kn+1
n ◦ gˇn.
3.2 Measurements
Now, let us turn to the specific homeomorphism T that was defined at the end of Section 2
(notice that the meaning of f0 there is consistent with Subsection 3.1, though the expressions
were written for the segment [0, 1] rather than [−1, 0]).
Proposition 1. For every n ≥ 0, we have ℓ(∆
(n)
0 ) = dn, and for every n ≥ 1
g′2n−1(x) = 1 everywhere on [−d2n−1, 0],
f ′2n−1(x) =


a, x ∈ (0, δ2n);
a−1, x ∈ (δ2n−2, δ2n−2 + aδ2n);
1 elsewhere on [0, d2n−2],
f ′2n(x) =
{
a−1, x ∈ (−d2n−1 + aδ2n+2,−d2n−1 + aδ2n+2 + aδ2n);
1 elsewhere on [−d2n−1, 0],
g′2n(x) =
{
a, x ∈ (0, δ2n);
1 elsewhere on [0, d2n].
The rotation number of T is ρ = [k1, k2, . . . , kn, . . . ].
Remark 1. When we state that a formula like those above holds, it is a part of our statement
that the segments in it are positioned correctly (for example, formula for f2n−1 includes the
claim that the segments (0, δ2n) and (δ2n−2, δ2n−2 + aδ2n) do not overlap and are both
contained within the segment [0, d2n−2]). Such correctness is usually easy to check due to
(6) and the assumed lower bounds on kn.
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Proof. On each induction step m ≥ 1, one must follow the sequence of points
gm−1(0), fm−1(gm−1(0)), . . . , f
k
m−1(gm−1(0)), . . .
until the moment right before it jumps over zero, and each moment k calculate the function
fkm−1 ◦ gm−1 by composing a previously calculated f
k−1
m−1 ◦ gm−1 with fm−1 on an appropriate
segment. The last moment will be the renormalization height km (a partial quotient in the
continued fraction expansion for the rotation number of T ), while the function fkmm−1 ◦ gm−1
will be the new fm.
For m = 1, the segment [g0(0), f0(g0(0))] has length d0. The length of the segment
[f0(g0(0)), f
2
0 (g0(0))] is d0 + (a − 1)δ0 due to stretching by the ‘upper tooth’ of deriva-
tive f ′0(x) = a on (−1,−1 + δ0) ⊂ [g0(0), f0(g0(0))] = [−1,−1 + d0]. The length of
[fk−10 (g0(0)), f
k
0 (g0(0))] for k > 2 is d0 again due shrinking back by the ‘lower tooth’ of
derivative f ′0(x) = a
−1 on (−1 + d0 + aδ2,−1 + d0 + aδ0 + aδ2) ⊂ [f0(g0(0)), f
2
0 (g0(0))] =
[−1 + d0,−1 + 2d0 + δ0]. The renormalization height is k1, and f1(0) = f
k1
0 (g0(0)) = −d1,
both due to (2). The two mentioned teeth of non-unit derivative partially annihilate each
other, and their leftovers appear as the appropriate teeth in new f1 = f
k1
0 ◦ g0 on [0, d0].
For m = 2n, n ≥ 1, the lengths of all segments [fk2n−1(g2n−1(0)), f
k−1
2n−1(g2n−1(0))] is
equal to d2n−1. The renormalization height is k2n, and f2n(0) = f
k2n
2n−1(g2n−1(0)) = d2n,
both due to (2). The only ‘tooth’ of non-unit derivative, which is f ′2n−1(x) = a
−1 on
(δ2n−2, δ2n−2+aδ2n) ⊂ [d2n, d2n+d2n−1] = [f
k2n
2n−1(g2n−1(0)), f
k2n−1
2n−1 (g2n−1(0))], appears at the
last moment k = k2n, and is being transferred to the segment [−d2n−1, 0] where new f2n is
defined. It will be exactly the tooth f ′2n(x) = a
−1 on (−d2n−1+aδ2n+2,−d2n−1+aδ2n+2+aδ2n)
due to the relation δ2n−2 − d2n = aδ2n+2 implied by (3).
For m = 2n + 1, n ≥ 1, it is similar to the case of m = 1: all the segments
[fk−12n (g2n(0)), f
k
2n(g2n(0))], k ≥ 1, but one have lengths d2n with the only difference that
the longer segment of length d2n + (a− 1)δ2n we have for k = 1 rather than for k = 2. The
upper tooth g′2n(x) = a on (0, δ2n) interacts with the lower tooth f
′
2n = a
−1 on (−d2n−1 +
aδ2n+2,−d2n−1+ aδ2n+2+ aδ2n) ⊂ [g2n(0), f2n(g2n(0))] = [−d2n−1,−d2n−1+ d2n+ (a− 1)δ2n]
giving birth to the appropriate teeth in new f2n+1. The renormalization height is k2n+1,
and f2n+1(0) = f
k2n+1
2n (g2n(0)) = −d2n+1, both due to (2).
Proposition 2. For every n ≥ 0, we have ℓ(∇
(n)
0 ) = dn,
gˇ′2n(x) = 1 everywhere on [−d2n, 0],
fˇ ′2n(x) =


a−1, x ∈ (d2n, d2n + aδ2n);
a, x ∈ (2d2n + (a− 1)δ2n + aδ2n+2, 2d2n + aδ2n + aδ2n+2);
1 elsewhere on [0, d2n−1],
fˇ ′2n+1(x) =


a−1, x ∈ (−d2n+1,−d2n+1 + aδ2n+2);
a, x ∈ (−d2n+1 + aδ2n+2 + δ2n − δ2n+2,−d2n+1 + aδ2n+2 + δ2n);
1 elsewhere on [−d2n, 0],
gˇ′2n+1(x) = 1 everywhere on [0, d2n+1].
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Proof. First we calculate fˇ0 as f
−1
0 restricted to [0, 1], and then analyze consecutive iterates
similarly to the proof of Proposition 1.
Define the sequence of sets Θn =
⋃
i∈Nn
∇
(n)
i ⊂ T
1, n ≥ 0, formed of backward dynamical
partition segments, inductively as follows: let N0 = {0 ≤ i ≤ k1− 3} and Nn = {i+ qn−1 +
jqn : i ∈ Nn−1, 0 ≤ j ≤ kn+1 − 3}, n ≥ 1. It is easy to see that Nn ⊂ {0 ≤ i < qn+1} and
Θn+1 ⊂ Θn, n ≥ 0. Saying it in words, we consecutively cut away little pieces of the circle
nearby every preimage of the break point ξ0.
Lemma 2. For every i ∈ Nn, n ≥ 0, we have ℓ(∇
(n)
i ) = dn.
Proof. The definition of Nn implies that for every i ∈ Nn there exist integers 0 ≤ jm+1 ≤
km+1 − 3, 0 ≤ m ≤ n, such that i =
∑n
m=0(qm−1 + jm+1qm). Accordingly, ∇
(n)
i = (fˇ
j1
0 ◦
gˇ0) ◦ · · · ◦ (fˇ
jn+1
n ◦ gˇn)∇
(n)
0 . In view of Proposition 2, it is easy to check that consecutive
images of ∇
(n)
0 in the latter sequence never fall onto the teeth of non-unit derivative of fˇm
and gˇm.
Proposition 3. The limit set Θ =
⋂
n≥0Θn has positive Lebesgue measure.
Proof. It follows from Lemma 2 that ℓ(Θn) = dn ·#(Nn), and by definition of Nn we have
#(Nn) = (kn+1−2)·#(Nn−1). Hence, ℓ(Θn) =
(kn+1−2)dn
dn−1
ℓ(Θn−1). The relations (2), (6) and
increasing of kn imply that dn−1 < (kn+1+1)dn and therefore ℓ(Θn) >
(
1− 3
kn+1+1
)
ℓ(Θn−1) >
exp
(
− 6
kn+1
)
ℓ(Θn−1) for large enough n. The statement follows from assumed convergence
of the series
∑
n k
−1
n .
Proposition 4. Let η0 ∈ Θ. Then for every n ≥ 0, we have ℓ(∆
(n)
0 (η0)) = dn,
f ′2n,η0(x) =


a, x ∈ (b2n, b2n + δ2n);
a−1, x ∈ (b2n + d2n + aδ2n+2, b2n + d2n + aδ2n + aδ2n+2);
1 elsewhere on [−d2n−1, 0],
g′2n,η0(x) = 1 everywhere on [0, d2n],
g′2n+1,η0(x) = 1 everywhere on [−d2n+1, 0],
f ′2n+1,η0(x) =


a, x ∈ (b2n+1, b2n+1 + δ2n+2);
a−1, x ∈ (b2n+1 + δ2n, b2n+1 + δ2n + aδ2n+2);
1 elsewhere on [0, d2n],
with certain values b2n ∈ (−d2n−1, f
k2n+1−2
2n (−d2n−1)], b2n+1 ∈ [f
k2n+2−2
2n+1 (d2n), d2n).
Proof. It is easy to follow the sequence of iterates like we did in the proof of Proposition 1,
this time using η0 as the marked point. What is important here are the bounds on values
(bn)n≥0 that follow directly from our construction of the set Θ. Indeed, bn is nothing
else but a coordinate of an appropriate preimage of the break point ξ0 in vicinity of η0.
Since passing from Θn−1 to Θn we have cut away from every ∇
(n−1)
i , i ∈ Nn−1, three adjoint
segments∇
(n)
i+qn−1+(kn+1−2)qn
,∇
(n)
i+qn−1+(kn+1−1)qn
, and∇
(n+1)
i , then b2n 6∈ (f
k2n+1−2
2n (−d2n−1), 0)
and b2n+1 6∈ (0, f
k2n+2−2
2n+1 (d2n)).
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3.3 Differentiability
In what follows, all the renormalization structures are counted from η0 as the marked point,
and we omit the letter η0 by fn, gn, Pn and ∆
(n)
i .
Proposition 5. The conjugacy φ from (1) is differentiable at every point η0 ∈ Θ.
First we need to prove the following lemma about the lengths of segments from dynam-
ical partitions of several deeper levels lying within the fundamental segments. Denote by
Γn,s the set of all segments ∆
(n+s−1)
i ∈ Pn+s, which lie within the segment ∆
(n−1)
0 .
Lemma 3.
ℓ(∆
(n+s−1)
i
)
dn+s−1
→ 1 as n → +∞ uniformly in i for all ∆
(n+s−1)
i ∈ Γn,s, 0 ≤ s ≤ 2,
and for all those ∆
(n+2)
i ∈ Γn,3, which lie within ∆
(n)
qn+1−qn−1.
Proof. In this proof, for simplicity we identify a set M on the circle in vicinity of η0 with
its projection πη0M to the real line, where fn and gn operate.
For s = 0 the statement is trivial, since Γn,0 = {∆
(n−1)
0 }, and ℓ(∆
(n−1)
0 ) = dn−1 by
Proposition 4.
It is easy to see that Γn,s = Γn+2,s−2 ∪
⋃kn+1−1
j=0 f
j
n ◦ gn(Γn+1,s−1). We will use this
recurrent relation in order to estimate the lengths of ∆
(n+s−1)
i ∈ Γn,s for s ≥ 1. As seen
from Proposition 4, gn does not distort length of any segment, while fn may once stretch
and once shrink it, with the maximal possible change in length equal to (a−1)δn for n even
and (a− 1)δn+1 for n odd.
For s = 1, the segments in Γn,1 are the images of ∆
(n)
0 under application of gn (once)
and then fn (from 0 to kn+1 − 1 times). Using Proposition 4, one can easily check that all
of them have length dn for n odd, while for n even all but one have length dn with that
exceptional one of length dn + (a− 1)δn.
For s = 2, the segments in Γn,2\Γn+2,0 are the images of the segments in Γn+1,1 under
f jn ◦ gn, 0 ≤ j < kn+1. Proposition 4 allows one to calculate that their lengths are either
dn+1 or dn+1 + (a− 1)δn for n even, and either dn+1 or dn+1 + (a− 1)δn+1 for n odd.
For s = 3, the segments in Γn,3\Γn+2,1 are the images of the segments in Γn+1,2 under
f jn ◦ gn, 0 ≤ j < kn+1. If n is odd, then their lengths differ from dn+2 by not more than
2(a− 1)δn+1. If n is even, then this difference formally can reach (a− 1)δn+2 + (a − 1)δn,
but let us look closer at this case. Notice that for n even the teeth of non-unit derivative
in fn are positioned in such a way that the maximal possible change in length of a segment
under their cumulative action (i.e. the action of f 2n on ∆
(n)
i ∈ Pn+1 such that bn ∈ ∆
(n)
i ) is
(a− 1)δn+2 rather than (a− 1)δn. In fact, there are exactly two segments in Γn,3 that are
possibly stretched by more than 2(a−1)δn+2: those whose preimages under fn intersect the
upper tooth (b2n, b2n + δ2n) (while they themselves intersect the lower tooth and are being
shrank back on the next application of fn). It also follows from Proposition 4 that these
two exceptional segments do not intersect [fkn+1−1n (−dn−1), 0] = ∆
(n)
qn+1−qn−1
.
Since δn = o(dn+1) (in fact δ2n/d2n+2 → 1 as n→ +∞), the estimates we proved imply
the statement of the lemma.
Proof of Proposition 5. We will show directly that ℓ([φ(η),φ(η0)])
ℓ([η,η0])
→ α as η → η0, and therefore
φ′(η0) = α for every η0 ∈ Θ (here and in the sequel, by [ξ, ζ ] we denote the smallest of the
two arcs [ξ, ζ ] and [ζ, ξ] on T1).
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As η tends to η0 from the left (from the right), it passes through the sequence of segments
∆˙
(n−1)
0 = ∆
(n−1)
0 \∆
(n+1)
0 ∪ {ηqn+1} with n even (odd), which in turn consist of segments
from the dynamical partitions of the next levels. According to the decomposition ∆˙
(n−1)
0 =⋃kn+1−1
j0=0
(∆
(n+2)
qn−1+(kn+1−1−j0)qn
∪
⋃kn+2−1
j1=0
∆
(n+1)
qn−1+(kn+1−j0)qn+j1qn+1
), consider three cases.
Case 1: η ∈ ∆
(n+1)
qn−1+(kn+1−j0)qn+j1qn+1
, 1 ≤ j0 ≤ kn+1 − 1 (we have excluded j0 = 0, which
will be Case 3 below), 0 ≤ j1 ≤ kn+2 − 1. On one hand, the segment [η, η0] contains j0
segments from Γn,1 (namely ∆
(n)
qn−1+iqn
, kn+1 − j0 ≤ i ≤ kn+1 − 1) and j1 + 1 segments
from Γn,2 (namely ∆
(n+1)
qn−1+(kn+1−j0)qn+iqn+1
, 0 ≤ i < j1, and ∆
(n+1)
0 ). On another hand, it
is contained in the union of j0 segments from Γn,1 (the same as previously) and j1 + 2
segments from Γn,2 (with ∆
(n+1)
qn−1+(kn+1−j0)qn+j1qn+1
added). Due to Lemma 3 and the limit
dn/∆n → 1/α implied by Lemma 1, the following estimate holds with some εn > 0, εn → 0
as n→ +∞:
e−εnα−1(j0∆n + (j1 + 1)∆n+1) ≤ ℓ([η, η0]) ≤ α
−1(j0∆n + (j1 + 2)∆n+1)e
εn.
Since ℓ(φ(∆
(n)
i )) = ∆n for every i, n ≥ 0, we similarly obtain that
j0∆n + (j1 + 1)∆n+1 ≤ ℓ([φ(η), φ(η0)]) ≤ j0∆n + (j1 + 2)∆n+1.
Taking the ratio of the two latter estimates, we find it out that
∣∣∣∣log ℓ([φ(η), φ(η0)])αℓ([η, η0])
∣∣∣∣ ≤ εn + log j0∆n + (j1 + 2)∆n+1j0∆n + (j1 + 1)∆n+1
≤ εn +
∆n+1
j0∆n + (j1 + 1)∆n+1
≤ εn +
∆n+1
∆n
≤ εn +
1
kn+2
→ 0, n→ +∞.
Case 2: η ∈ ∆
(n+2)
qn−1+(kn+1−1−j0)qn
, 0 ≤ j0 ≤ kn+1 − 1. By similar consideration we get the
estimates
e−εnα−1(j0∆n + (kn+2 + 1)∆n+1) ≤ ℓ([η, η0]) ≤ α
−1((j0 + 1)∆n +∆n+1)e
εn ,
j0∆n + (kn+2 + 1)∆n+1 ≤ ℓ([φ(η), φ(η0)]) ≤ (j0 + 1)∆n +∆n+1,
with εn > 0, εn → 0 as n→ +∞, which imply∣∣∣∣log ℓ([φ(η), φ(η0)])αℓ([η, η0])
∣∣∣∣ ≤ εn + ∆n − kn+2∆n+1j0∆n + (kn+2 + 1)∆n+1 ≤ εn +
∆n+2
∆n
≤ εn +
1
kn+2kn+3
,
with the same conclusion.
Case 3: η ∈ ∆
(n+1)
qn−1+kn+1qn+j1qn+1
= ∆
(n+1)
(j1+1)qn+1
, 0 ≤ j1 ≤ kn+2 − 1. The segment [η, η0]
contains j1+1 segments from Γn,2 (namely ∆
(n+1)
iqn+1
, 0 ≤ i ≤ j1,) and some 0 ≤ j2 ≤ kn+3−1
segments from Γn,3 (namely ∆
(n+2)
(j1+2)qn+1+iqn+2
, kn+3 − j2 ≤ i < kn+3). On the other hand,
it is contained within the union of j1 + 1 segments from Γn,2 (the same as previously),
j2+1 segments from Γn,3 (with added ∆
(n+2)
(j1+2)qn+1+(kn+3−j2−1)qn+2
), and ∆
(n+3)
(j1+1)qn+1
from Γn,4.
Notice, that all the segments from Γn,3 mentioned here do lie within ∆
(n)
qn+1−qn−1
, so that the
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uniform limit in Lemma 3 holds for them. For the tiny segment ∆
(n+3)
(j1+1)qn+1
it will suffice to
use a rough estimate ℓ(∆
(n+3)
(j1+1)qn+1
) ≤ a2dn+3 that follows from the fact that it is an image
of ∆
(n+3)
0 under f
kn+1−1
n ◦ gn ◦ f
j1
n+1 ◦ gn+1, where only one step of applying fn+1 and only
one step of applying fn can stretch the length (and with the factor of not more than a)
according to Proposition 4. We reach the estimates
e−εnα−1((j1 + 1)∆n+1 + j2∆n+2) ≤ ℓ([η, η0])
≤ α−1((j1 + 1)∆n+1 + (j2 + 1)∆n+2 + a
2∆n+3)e
εn
≤ α−1((j1 + 1)∆n+1 + (j2 + 1)∆n+2)(1 + a
2/kn+2)e
εn,
with εn > 0, εn → 0 as n→ +∞, and
(j1 + 1)∆n+1 + j2∆n+2 ≤ ℓ([φ(η), φ(η0)])
≤ (j1 + 1)∆n+1 + (j2 + 1)∆n+2 +∆n+3,
≤ ((j1 + 1)∆n+1 + (j2 + 1)∆n+2)(1 + 1/kn+2).
Finally, we obtain
∣∣∣∣log ℓ([φ(η), φ(η0)])αℓ([η, η0])
∣∣∣∣ ≤ εn + a
2
kn+2
+
∆n+2
(j1 + 1)∆n+1 + j2∆n+2
≤ εn +
a2
kn+2
+
1
kn+3
,
which tends to zero as well.
3.4 Conclusions
Proof of Theorem 1. The theorem contains three statements, which we will prove now.
1. The rotation number of T is ρ by Proposition 1.
2. Four break points lie on pairwise distinct trajectories by Proposition 4. Indeed,
by the construction, the break points of fn are nothing else but the projections of first
preimages of break points of T within the segment ∆
(n−1)
0 . If two of the latter points lied
on the same trajectory, then for large enough n their first preimages within ∆
(n−1)
0 would
coincide, which contradicts to the fact that fn has four distinct break point for any n.
3. For a circle diffeomorphism with breaks, its invariant measure µ can be either ab-
solutely continuous, or singular w. r. t. ℓ (see, for ex., [1], where this result is proved for
pure diffeomorphisms, and is easily extended to those with breaks). If µ is singular, then
the conjugacy φ is a singular function, and φ′ = 0 almost everywhere ℓ, which contradicts
to Propositions 3 and 5. Therefore, µ is absolutely continuous.
Remark 2. The linearizing change of variables φ in (1) is absolutely continuous and therefore
possesses a density h ∈ L1(T
1). This density is positive a. e. ℓ due to the fact that T is
ergodic w. r. t. ℓ (see [1]).
Remark 3. The conjugacy φ is essentially absolutely continuous, i. e. it is not piecewise C1,
moreover, there is an everywhere dense subset of T1, over which φ is not differentiable.
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Remark 4. An irrational number ρ is said to belong to Diophantine class Dδ if there exists
a constant C > 0 such that |ρ − p/q| ≥ Cq−2−δ for any rational number p/q. The set of
Roth numbers is R = ∩δ>0Dδ. The numbers from D0 are those whose continued fraction
expansion is formed by a bounded sequence (kn)n, therefore they are called ‘numbers of
bounded type’. The restrictions we have imposed on (kn)n allow one to choose ρ ∈ R (for
ex., kn = (n + 5)
2 will work), but not ρ ∈ D0.
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